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NOTES

On Degenerate Rayleigh-Schrddinger Perturbation

ABSTRACT

Degenerate Rayleigh-Schrodinger perturbation theory is treated by expansions
in unperturbed eigenfunctions. The results of seventh order perturbation are presentsd
for the cases in which the degeneracy can be totally removed in the first and secead
orders.

Degenerate Rayleigh-Schrddinger perturbation theory is treated by expansions
in unperturbed eigenfunctions. Perturbation energies up to seventh order have been
derived for cases in which the degeneracy is removabie in the first or second order.
The final results are presented in this Note.

We follow the notations of Hirschfelder, Byers Brown, and Epstein [i]. T
simplify book-keeping the following ordering of states is introduced. The state of
interest is labelled state 1. We consider a total of N states, of which states 1 1o M
are degenerate in € and states 1 to L degenerate in V. Furthermore, summation
limits are implied by the following limits on the indices:

1 <{xand By <N, and 1 <(and!Y <L <m< M <(nandw)y < X
To begin, we assume that

A, =¢ — g a3

P&B = <¢sz Vi %ZIB\> {2;
are known quantities.
The first step is to find the correct zeroth order wavefunctions:

(]Sm = Z "l‘ljﬂTBa . (32
To accomplish this, we first diagonalize the Af X M block of the P matrix:
PA = AIL (M x M), 4

where I is diagonal and &' = [1}; ; enlarge the A matrix to N X N by adding
zero off-diagonal elements and unit diagonal elements; and transform the P
matrix:
Q = A'PA, (N x N}, {53
411
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Next, an L x L G matrix is constructed:
Gy = —Y 0udy Our , (6)
I

and diagonalized:
GB = BT, (L x ), ™

where T' is diagonal and €® = [, . This L x L B matrix is enlarged to N X N in
the same manner in which A has been. Then,

T = AB, (N X N). 3

The second step involves the simple transformation by T:
V = T'PT, (N x N), ®
W=V — eV, (N xXN). (10

Now, we expand the perturbed wavefunctions in the set of {¢}:

P =Y da,, (11)
$® =Y b, (12)
P =Y docn. (13)

After some simple but tedious algebra, we find that the expansion coefficients are
given by:

-1 3
ay = — An Wnl s

Ay = — Wn;nlq Z W ot
a; = [Pll — 6‘2)]—‘1 32 I/VMA;1 l:z Won ity (14)
[ n’

—f_ Z an”m]%» “I;:I 1:

m

a = 0;
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by = — 471 Y, Woatle

by = — W 32 W onnbn — amg

b= [Ty — 2T %z W, 1[}; Wb, (15
L Wonbn — ¢ ]+s i 11,

by = —(1/2) ) a

Cyn = — Azl gz Wnaba - 6(2)an§’e

-1 2y !
Cm = — Wmm §Z Wmnc'n — &l )Dm - E(B)am%’,
n J

¢ = [P” — e(’) %y Wz,, » [Z Wnn"vr

n ‘LE 6;

N
+ Z ancm - 6(2)1)_,2 — 6(3,an
m

[ SUS—'

1/
= —Y ab,.
x

3

Finally, Egs. (11.9) to (11.12) of Hirschfelder. Byers Brown, and Epstein {11 are
used to obtain perturbation energies up to 7.

For nondegenerate perturbations, M = L = 1, T = 1, and V = P. Ezxamples
can easily be found. Seventh order perturbation theory has been applied to
the method of solving constrained secular equations [2]. A subroutine, called
DPERTO, has been submitted to Quantum Chemistry Program Exchange
(QCPE).

Cases in which the degeneracy is removed in first order are fairly common. For
M>L=1,T=A, and V = Q. An example is the determination of electron
spin resonance parameters from observed spectra {3]. A subroutine, called DPERT!,
has also been submitted to QCPE.

Cases in which the degeneracy is removed in second or higher order are rejatively
rare.
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